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Abstract
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cient decision rules. Robust efficiency is characterized as ex ante and interim incentive
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1 Introduction

Efficiency is central to economics. When all the information in an economy is known by all
individuals, classical (or Pareto) efficiency due to Pareto (1896) has been the indisputable fun-
damental definition of an efficient allocation. Such classical conditions of complete information
obtain when various pieces of relevant information, initially held by different individuals, have
all been aggregated through a communication system, henceforth decision rule. For example; in
an exchange economy, if the individuals can credibly communicate their demands, market clear-
ing prices may aggregate all relevant information and a classically efficient allocation obtains.!
Notably, classical efficiency is robust in that it does not depend on the details of the specifica-
tion of the individuals’ private information. A plethora of examples have shown, however, that
it is often impossible to attain a classically efficient allocation and provide the individuals with
the incentives to truthfully reveal their private information in an equilibrium outcome of any
desirable economic institution.?

In his seminal work, Harsanyi (1967-68) described Bayesian environments with incom-
plete information where the individuals hold (possibly subjective) prior beliefs over uncertain
parameters. This paved the way for the study of incentive problems and called for a definition
of efficiency at different stages of revelation of information, and production and allocation de-

cisions. Wilson (1968) provided such a definition without considering the incentive constraints,

LA sufficient condition for The First Welfare Theorem is that the number of individuals is large and there are
no consumption externalities, see Makowski and Ostroy (1995) and Ostroy and Segal (2012). Gul and Postlewaite
(1992) construct Bayesian incentive compatible decision rules that converge to the Walrasian allocation as the
number of individuals becomes large, and McAfee (1992b) constructs an example of such dominant-strategy
incentive compatible double auction. For recent work on competitive equilibrium and classical efficiency see
Richter and Rubinstein (2015).

2Myerson and Satterthwaite (1983) proved the impossibility of classically efficient bilateral trade. Gibbard
(1973) and Satterthwaite (1975) proved that under the full domain, any decision rule that is classically efficient
and dominant-strategy incentive compatible or strategy-proof must be dictatorial and Reny (2001) showed the
close relationship to the theorem by Arrow (1963). In exchange economies with a finite number of individuals,
Hurwicz (1972) showed that the Walrasian correspondence is not strategy proof, Palfrey and Srivastava (1987)
showed it is not Bayesian incentive compatible, and Barbera and Jackson (1995) showed that it is not strategy
proof when the number of individuals becomes large. See also sections 3 and 4 here.



and Holmstrom and Myerson (1983), in yet another seminal contribution, provided the defi-
nition of ex ante and interim incentive efficiency for Bayesian environments with incomplete

information.?

Recently, a lively discussion has been rekindled regarding environments where
the allocation rules and the individuals’ incentives are robust to the details of the specification
of the individuals’ information. While robust notions of incentive compatibility are relatively
well understood, there has been no similarly appealing general definition of robust incentive ef-
ficiency and most of the literature has focused on characterizing conditions under which robust
classically efficient decision rules exist.’

In this paper I define robust efficiency. Robust efficient decision rules are those that are
not Pareto dominated within the set of feasible decision rules. Feasibility constraints are given
by a robust notion of equilibrium, i.e., incentive compatibility, and other constraints relevant
to the economic environment at hand. To illustrate the notion, I study robust efficient decision
rules in two important environments where classically efficient decision rules do not exist,
one with public goods, and the other with private goods. The definition of robust efficiency,
Definition 2 in Section 2, is elementary and whenever the feasibility constraints are not binding,
it coincides with classical efficiency, as it properly ought to. Thus, on the one hand, the notion
extends classical efficiency to environments where classically efficient decision rules do not
exist. On the other hand, robust efficiency extends the notions of ez ante and interim incentive
efficiency to robust environments. In Section 5, following the approach of Bergemann and

Morris (2005), I make this relation explicit by showing that robust efficient decision rules can

3Gilboa et al. (2014) argue that classical efficiency is too strong and propose a domination of allocations,
based on existence of a shared belief whereby the individuals could effect a mutually-beneficial bet.

4Mertens and Zamir (1985) and Brandenburger and Dekel (1993) provided a formal definition of rich type
spaces and Bergemann and Morris (2005) provided a mechanism-design framework to study various robust
notions of incentive compatibility; in particular ez post incentive compatibility and strategy-proofness. See also
Ledyard (1978) and Chung and Ely (2007).

®Barbera et al. (2010) and Barbera et al. (2016) characterize conditions under which strategy-proofness
implies coalitional-strategy-proof decision rules; strategy-proofness with respect to the grand coalition is classical
efficiency. A recent example of a strategy-proof classically-efficient auction can be found in Milgrom and Segal
(2015).



be thought of as ex ante or interim incentive efficient under the individuals’ sufficiently rich
type spaces.

Holmstrom and Myerson (1983) discussed the notion of ex post incentive efficiency which
they defined as constrained Pareto efficiency under the feasibility constraints of Bayesian incen-
tive compatibility. They viewed the ex post stage as one where all the information has become
publicly available. They therefore discarded ex post incentive efficiency on the grounds that
at the ex post stage, there are no longer any informational or incentive problems and one thus
ought to consider classical efficiency as the corresponding efficiency concept. First, as discussed
above, in many environments there are issues with the existence of classically efficient decision
rules. Second, if a decision rule is not feasible, then it cannot constitute a viable alternative
to a feasible economic institution. For example, a classically efficient decision rule may well
dominate a feasible decision rule, however, if it is not feasible, then the former does not consti-
tute a more efficient alternative to the latter. In particular, if a decision rule is not incentive
compatible, then it cannot describe an equilibrium outcome of any economic institution so that
it is not feasible. This is the contrapositive of the revelation principle — see Corollary 6 in
Section 6.1 where I provide the statement for the notion of ex post Nash equilibrium, or ex
post incentive compatibility. Thus, in a general game form, rather than a description of a stage
in the revelation of information, the ex post stage is a description of a stage at which given
constraints must hold, and the corresponding incentive constraints on decision rules are equiv-
alent to robust equilibrium constraints.® In environments where classically efficient decision

rules do not exist, and also more generally, robust efficiency provides a tool to study economic

6This is also suggested by Ledyard (1978) and Bergemann and Morris (2005), and it applies to the interim
stage in its relation to Bayes-Nash equilibrium as well. At any rate, this holds for any equilibrium notion
satisfying the revelation principle; even more restrictive equilibrium constraints apply to equilibrium refinements,
in particular, refinements used in dynamic settings. For more on the revelation principle in a Bayesian setting
see especially Myerson (1991). Note also that the later the stage, the stronger the corresponding constraints,
which implies that robust efficiency, which corresponds to the ex post stage, is weaker than the interim notion
or the ex ante notions of constrained efficiency.



institutions that are both feasible and as efficient as possible.

I illustrate robust efficiency in two examples in sections 3 and 4. The first example is a
classical problem of providing a public good. There I characterize the robust efficient decision
rules within the set of decision rules that satisfy incentive compatibility, participation, no sub-
sidies, and anonymity constraints; as a corollary, I show the impossibility of classically efficient
decision rules. The second example is in a private-good environment with no consumption
externalities, where a decision must be made as to which individual to allocate a good.” I first
show non-existence of classically efficient decisions rules, which is novel, and then construct a
decision rule that is robust efficient and anonymous. A common feature of the robust efficient
decision rules in these two examples is that an allocation that does not attain a maximal surplus
is implemented with a positive probability.®

One question is whether and in what sense robust efficient decision rules are durable.
To address this question, it is necessary to provide a whole separate framework, which lies
outside the scope of the present analysis; I provide some preliminary discussion in Section 6.
There I first define events that are robust common knowledge, Definition 8. Next I provide
a characterization of robust efficient decision rules by non-existence of such a robust common
knowledge event, wherein a given decision rule could be dominated, Theorem 7. Finally, to
facilitate the aforementioned examples, I pay special attention to symmetric environments and
anonymous decision rules, Theorem 8 and preceding definitions. Anonymity per se is a sensible
desideratum in many environments, especially markets.

In the tradition of Pareto efficiency, robust efficiency is impartial to questions of re-

distribution. Maximizing any social welfare criterion will result in a robust efficient decision

"This example is closely related to the Solomon’s problem and the problem of dissolving a partnership — see
Section 4 for details and references.

8Robust efficiency may also be attained by burning some numeraire: to my knowledge, Copic (2017) provides
the first such example in the context of bilateral trade, which is complementary to the partial characterization
in Copic and Ponsati Obiols (2016).



rule under the given constraints, Theorem 1.° Characterizing robust efficient decision rules is
analytically tractable so that robust efficiency is a useful starting point for normative consider-
ations. Robust efficiency provides a conceptual framework and an analytical tool for normative
analysis in robust environments.

To summarize, this paper is structured as follows. In Section 2, I define robust efficiency
and discuss convex and closed feasibility constraints, such as incentive compatibility, individual
rationality and no subsidies. In Sections 3 and 4 respectively, I give examples in public and
private-good environments. In Section 5, I show the equivalence between robust efficiency and
ex ante or interim constrained efficiency in rich type spaces. In Section 6, I recall the revelation
principle, consider durability of robust efficient decision rules, discuss anonymous decision rules,

and give concluding remarks.

2 Robust efficiency and simple implications

An environment is defined by (N,0,Y,c,u). The set N = {1,...,n} describes the individuals
in the economy. For each individual 2 € N the set ©; describes the finite set of i’s types, and
O = O, x ... x O,, thus describes all the informational states of the economy;'° for any set X, X
denotes the set of probability measures over X, e.g., © is the set of probability measures over
©. The set Y describes the set of (deterministic) feasible allocations. I will for the most part
assume that Y is given by a finite number of alternatives 3y € Yy and the vectors of transfers
y between the individuals, yy € Y} X ... X Y,,, Y; = R, where y; > 0 when 7 receives a payment,

and y; < 0 when ¢ makes a payment. An allocation y € Y is thus given by y = (v, yn). Most

9In various robust settings, examples have been provided of maximizing different social welfare criteria,
such as regret-free or maximin, see Bergemann and Schlag (2008), Bergemann and Schlag (2011), Carrasco and
Moreira (2013), and Carrasco et al. (2015).

10Boldface notation © is used to denote the entire parameter space, so as not to cause any confusion in
symmetric environments defined below, where © is used to denote an individual’s set of private parameters, i.e.,
0, =0.



of the definitions here extend easily to environments with no transfers by setting Y = Y,. The
function ¢ : Yy — R describes the production costs (in terms of the numeraire commodity)
associated with different allocations, where c(yo) is the cost of allocation yy € Yp, and I assume
that c(yo) < oo,Vyy € Yy. Whenever ¢ = 0, ¢ can be omitted from the description of the
environment.!!

For each 6 € ©, individual i’s preferences are described by a von Neumann-Morgenstern
utility function u;(.,0) : Y — R, where u;(7,6) is linear in ¢, since ¢ is a probability measure;
thus u = (uq, ..., u,) describes the individuals’ utility functions. The parameter 6; incorporates
all of 7’s payoff-relevant private information, #; is not known by other individuals, and the
utility functions u;(.,.) are common knowledge. I assume that u; is increasing in the transfer
yi, for each y € Y, and each 6 € ©. In the examples, I make the more restrictive assumption of
quasi-linearity; that is, the utility functions are additively separable in the allocation and the
monetary transfer, quasi-linear with respect to transfers, and are normalized so that 1 unit of
money is worth 1 unit of utility to all agents, u;(y,8) = y; + vi(yo, 0).

For the purpose of this section, it is common knowledge that the individuals’ types lie in
the parameter space ®. The individuals have no further information regarding the details of the
descriptive statistics of these types, in particular, they do not know the probability distribution
over types.'? A decision rule (or a social choice function) is a mapping d : © — Y. I denote

by D the set of all decision rules such that ).\ d;(0) < K, V8 € ©, for all d € D and some

HFor example, N may be a set of sellers and buyers of some number of objects. In this case, Y is the set of
possible allocations of the objects and the vector of transfers between the individuals, and ¢(yo) = 0, Vyg € Y.
When an allocation yg involves some production, then it may be that ¢(yg) > 0, for example, in the problem of
providing a public good - see Section 3 below.

12Tn the social choice literature, such a specification of an environment with incomplete information is stan-
dard. For example, in an environment with private values, where i’s preferences are affected only by his own
private parameter 6;, present description defines a (restricted) domain of i’s preferences, {u;(.,6;),6; € ©;};
equilibrium (or other solution) concepts that are considered, do not depend on the probability distribution over
individuals’ types, e.g., strategy-proofness. Alternatively, one can imagine a Bayesian approach to incomplete
information conceived by Harsanyi (1967-68), and then require that the model be immune to the changes of
the structure of the environment — for example, robust to all possible individuals’ priors as in Ledyard (1978).
I refer to Section 5 for such a description in the framework of rich type spaces as in Bergemann and Morris
(2005).



constant K < oo, in particular, I prohibit decision rules that require infinite subsidies.

Key to the definition of classical efficiency is the Pareto dominance relation.

Definition 1. A decision rule d' Pareto (or ex post) dominates d, denoted by d' > d, if,

wi(d(0),0) > ui(d(6),0), V0 €®, VieN, (1)

with at least one strict inequality. A decision rule d € D is classically efficient (or Pareto

efficient or ex post efficient), if there does not exist a d' € D, such that d' Pareto dominates d.

The Pareto dominance relation and the notion of classical efficiency are both robust:
Pareto dominance relation depends on the parameter domain © and the payoff information,
but is independent of further details of the specification of the individuals’ information.

If in a given environment there are no constraints on the set of feasible decision rules,
then classical efficiency is easily attainable. For example, in any quasi-linear environment with
transfers and no constraints, a decision rule is efficient as long as dy(6) = maxy,ecy, >, ¥i(Yo, 9).
However, in most any economic environment the relevant decision rules must satisfy some
constraints pertinent to the informational and contractual aspects of the allocation problem.
The decision rules which do not satisfy those constraints are infeasible, for one reason or another.
The set of feasible decision rules is given by some D C D and classically efficient decision rules
may or may not be feasible. Nevertheless, there may still be rules which are more efficient than
others in the sense of Pareto domination. This suggests a natural way to extend the definition
of classical efficiency to general robust environments, in particular, to those where classically

efficient decision rules are infeasible. The following is the central notion of this paper.

Definition 2. Given a D C D, a decision rule d € D is robust efficient in D if there does not

exist a d € D, such that d Pareto dominates d.



Denote by D* C D the set of robust efficient decision rules.!® If there are no constraints,
then the set D* of robust efficient decision rules in D is the set of classically efficient decision
rules.

A different approach to defining constrained efficient decision rules is by maximizing a
social welfare criterion where different individuals, or indeed even different individuals’ types,
may be assigned different weights. When considering ex post constrained efficient decision rules,
the appropriate measurability requirement is that the weights in the social welfare function be
measurable with respect to the individuals’ types, see Holmstrom and Myerson (1983) and

Wilson (1968). Given a D C D, a decision rule d € D is a robust social welfare maximizer if,

IN:O@ = RY, | st

d € argmaxgep Y gee Dien Nil0)ui(d(0),0).

(2)

Denote by DY C D the set of robust social welfare maximizers. The next theorem is a
straightforward extension of well-known standard results, see Wilson (1968) and especially

Holmstrom and Myerson (1983). Denote the closure of a set O by cl(0).*

Theorem 1. Let D C D be convex and closed. Then cl(D") = D*.

Most economic constraints are convex and closed. Before discussing the examples, I enumerate
some of these constraints, all of which are standard. I refer to Bergemann and Morris (2005) for
a more detailed discussion and further results, especially concerning the incentive compatibility

constraints in robust settings.

13Such decision rules are indeed robust constrained efficient: the constraints are specified by D so that no
confusion should arise with the notion of unconstrained, i.e., classical, efficiency; As argued below, incentive con-
straints should necessarily be included in the specification of D, however, using “robust incentive efficient” may
be misleading since in many environments there are additional natural constraints, e.g., individual rationality
and market clearing (free disposal) constraints in market environments.

141n the proof of the following theorem it is useful to observe that, as far as Pareto dominance is concerned,
we can limit the attention to the space of the individuals’ utilities endowed with the Euclidean metric and the
corresponding topology. Note that in a given decision rule, the individuals’ utilities are specified by n x |©]
points in the Euclidean space.



A key constraint is incentive compatibility. When a decision rule satisfies incentive
compatibility, it is usually called a direct revelation mechanism, or simply a mechanism. Two
standard notions of incentive compatibility suitable for robust environments are the dominant-

strategy incentive compatibility and the somewhat weaker ex post incentive compatibility.

Definition 3. A decision rule d is dominant-strategy incentive compatible (strategy-proof) if,

w;(d(0;,0",),0) > u;(d(6:,0",),0),¥0;,0.,0_;, 0 ..
((7 1)) 7 i)Y ) s Vi ) 3

Definition 4. A decision rule d is (ex post) incentive compatible, if,

uz(d(é’z, 9_2'), 0) Z uz(d(Q;, 0_1‘), 9), V@,, Q;, 0_1‘.

From now on, by incentive compatibility I mean the weaker ez post incentive compatibility,
however, in the two main examples of sections 3 and 4 that will not play a role: In private-
values environments it is immediate that the above two notions of incentive compatibility are

equivalent. For the sake of completeness we state this well-known fact here as a proposition.

Proposition 1. In a private-values environment where u;(y,0) = u;(y,6;),Vi,y,0, a decision

rule is ex post incentive compatible if and only if it is strategy-proof.

Proof. Let a decision rule d be ex post incentive compatible, then,

so that d is strategy-proof. The other direction is evident. O]

Other standard constraints that may be imposed on decision rules are individual ratio-

nality and budget balance (or no subsidies). If each individual can under any circumstances

10



obtain a base level of utility, usually normalized to 0, then any feasible mechanism must satisfy
individual rationality, that is,?

wi(d(6),6) > 0,0, Vi.

Budget balance is a reasonable requirement for environments when there is no external agency
willing to provide subsidies to the system. Then, in every state 6, the sum of the transfers net
the cost of the allocation must be non-positive (or zero, in the case of exact budget balance).

A decision rule d satisfies (ex post) budget balance, if,

Xn:di(e) < —c(do(0)), V0,

and it satisfies exact budget balance if the above is an equality.!®

In some environments additional constraints may be required, for example, the market
clearing constraints when Y, can be interpreted as a market — that is, the markets ought to
clear for goods other than the numeraire.

The above constraints will define some subset of decision rules D C D. These constraints
— incentive compatibility, individual rationality, budget balance, market clearing, and other
constraints — assure that D is a closed and convex set so that Theorem 1 applies. An important
example of non-convex constraints are those derived from voting correspondences, specifically,
when individual rationality constraints must be satisfied only by a simple majority of the

individuals.

5For example, there may exist some §° € Yj such that when y is given by yo = §* and yn; = 0 then,
u;(y,0) = 0,V0

In addition, for each 4 there may exist a type @;, which allows ¢ to opt out, that is, when ¢ reports that type,
the allocation is g; € Yy. Generally, there is an allocation yy € Yy such that when the transfer to individual 7 is
0, she obtains a zero utility.

16Recall that a decision rule is a mapping into lotteries over allocations. Therefore, individual rationality and
budget balance as specified here may, for each draw of types, be interpreted either in terms of the expectation of
that lottery, or as point-wise constraints for each realization of that lottery, whichever may be more appropriate
for the application at hand.

11



3 Example 1: Providing a public good

The first illustrative example is a classical problem where N individuals must decide whether
or not to finance a non-excludable, non-rival, indivisible public good. Thus, Yy = {0, 1}, where
1Yo = 1 denotes the outcome whereby the public good is provided and y, = 0 the outcome
whereby it is not provided. Each individual privately values the good at 6; € © = {v% v},
0 < vl < v < 1, so that ® = ©"; the cost of the public good is normalized to 1 so that
¢(0) = 0 and ¢(1) = 1. The individuals have quasilinear utility functions, u;(y,0;) = y; + yob;,

i.e., v;(v0,0) = yob;. I further assume that,

(N =1 +ob > 1, (3)

(N =20 + 20" < 1. (4)

In a classically efficient allocation, the public good should be provided if either N — 1 or all
individuals have a high value by (3); Otherwise the good should not be provided by (4). When
the individuals’ reports of their values are #, denote by ¢(#) the probability that the public
good is provided. The transfer y;(6) is interpreted as the tax paid by the individual 4.

The set of feasible mechanisms is thus given by direct revelation mechanisms, requiring
no external subsidies and where no individual can be forced to pay for the public good. I will
impose an additional no private benefits constraint, or simply, no benefits. No benefits requires
that no individual can directly benefit by receiving a monetary payment from the mechanism,
that is, y;(6) > 0,V6,Vi. Every classically efficient decision rule ought to satisfy budget balance
with equality. For that reason, and to avoid some complications, I further strengthen the budget

balance requirement to exact budget balance.!” The feasible set D is thus given by decision

7K uzmics and Steg (2017), argue that it is desirable to satisfy budget balance with equality for normative
reasons. In settings with continuous type spaces and no budget breaker, Copic (2017) demonstrates that the
usual reduced-form representation of incentive compatible mechanisms due to Myerson (1981) is without loss of
generality only with strict budget balance.

12



rules satisfying incentive compatibility, individual rationality, budget balance and no benefits.

In the present environment, it has been shown under various circumstances that no
classically efficient allocation rules exist. After initial impossibility results by Arrow (1963),
Gibbard (1973), and Satterthwaite (1975) in ordinal environments in unrestricted domains,
where each individual can hold any preference over the set of possible social allocations, Roberts
(1976) showed that when the number of individuals is very large, the Lindahl equilibrium
allocation rule, which is classically efficient and individually rational, is not even approximately
incentive compatible. Walker (1980), Zhou (1991), Barbera and Jackson (1994), and Serizawa
(1999) showed non-existence of strategy-proof, efficient, and anonymous decision rules, and
Ostroy and Segal (2012) showed non-existence with any finite number of individuals. With the
impossibility results by D’Aspremont and Gerard-Varet (1979) and Arrow (1979), a separate
strain of literature addressed the interim (Bayesian) incentive compatibility. Guth and Hellwig
(1986) studied expected welfare-maximizing public-good provision mechanisms, Mailath and
Postlewaite (1990) showed that as the number of individuals tends to infinity, the probability
of providing the public good tends to zero, and Ledyard and Palfrey (2007) characterized the
interim incentive efficient mechanisms.

Consequently, the literature has evolved along two different lines: to characterize de-
cision rules that satisfy certain additional assumptions, such as anonymity;'® and to describe
decision rules that are as efficient as possible in some set.!® Here I show non-existence of
classically efficient decision rules in the simplest possible public good environment and then

characterize the set of anonymous robust efficient decision rules. The characterization yields a

B\oulin (1994) considers serial cost-sharing anonymous mechanisms for excludable public goods, Serizawa
(1999) characterizes symmetric mechanisms for divisible public goods with convex costs as ascending-auction like
mechanisms, Bierbauer and Hellwig (2016) characterize symmetric coalition-proof mechanisms, and Kuzmics
and Steg (2017) characterize deterministic mechanisms.

Y edyard (2006) provides a review of public-good provision mechanisms and argues for comparisons on the
grounds of efficiency of outcomes, as well as transparency of the mechanisms themselves. Smith (2010) shows
that as long as each individual might be willing to pay for the public good by herself, there are robust decision
rules that under some beliefs do better than strategy-proof voting rules.

13



clear illustration of efficiency losses associated with the above constraints, via the probability
that the public good is not provided when it should be. I begin by discussing a well-known

class of incentive compatible mechanisms.

Vickrey-Clarke-Groves (VCG) mechanisms.
A common class of mechanisms to consider are the Vickrey-Clarke-Groves (VCG) schemes,
see Vickrey (1961), Clarke (1971) and Groves (1973). A VCG scheme is a demand revealing
direct revelation mechanism which attains the allocation yg € Yy that maximizes the aggregate
surplus. In this case, ¢ € {0,1}, and () = 1, if and only if, S 6, > 1.

In particular, a VCG scheme with a fixed-size public good reduces to the Clarke pivot
rule, see Clarke (1971) and Green and Laffont (1977), where an individual ¢ is pivotal if the

allocation changes when she changes her report. We have two possibilities,

1. (N =2)of 4ol — 8L >,
Then,

. N
%7 if Zizl 02 Z 17

yi(0) =

0, otherwise.

2. (N =2 4ol — 2L <0
In this case observe that (N — 3)v™ + 20" — 221 > 0, by (3) and (4). Then, y;(f) = +, if
0; = vH Vi, and y;(0) = 0, if there are at least 2 individuals with a low value, i.e., § € ©,
s.t., [{0; = v¥}| > 2. When 0 is such that |{0; = vL}| = 1, then by efficiency of the social
allocation yo, p(0) = 1, and

if 91 = UL,

Y

Z[-

1— ((N =20 +0), if 6; = o

14



In both of these possibilities, it is immediate to verify incentive compatibility. However, in the
first possibility, the mechanism fails individual rationality of the individual with a low value
when the public good is provided (since v < <, by (3) and (4)). In the second possibility,
the mechanism does not fail individual rationality, but when one individual has a low value,
the total payments exceed the cost of the public good. The reason is that y;(v) = 1 —

(N = 2)v + %) > L so that when 6 is such that |{6; = v"}| = 1 we obtain,

N

SO 0) = ") + (N = Do) = -+ (¥ = (™).

=1

While the allocation yq is efficient, the mechanism is not classically efficient as some numeraire
has to be disposed of. Therefore, in this environment, a VCG scheme is neither classically
efficient nor does it belong to the feasible set D.

I now consider the set of anonymous mechanisms in D; denote this set by O C D. In an
anonymous decision rule, when the names of individuals are permuted, so are their consumption
bundles (see formal definitions 10, 11, and 12 in Section 6). Such a restriction seems sensible,
given that all individuals are a priori (that is, ex ante) identical so that it seems desirable that
they be treated equally when determining the decision rule to be used (see also Section 5).
The set O is non-empty, for example, the mechanism where the public good is never provided
and no individual makes any payment satisfies all the requirements, however, this mechanism
is evidently not particularly efficient and the question is whether more efficient mechanisms in
O exist. In summary, for the purpose of the example, the set O of feasible mechanisms is given
by incentive compatibility, individual rationality, strict budget balance, no private payments,
and anonymity. I characterize the robust efficient mechanisms O* C O.

Incentive compatibility will bind for the individuals to not misrepresent their values

downward. Hence, all robust efficient mechanisms will have the property that the public good

15



is provided with certainty when 6; = v, Vi. Then, by symmetry, all individuals will pay the
same tax, where the sum of these taxes is the cost of the good, so that y; = % < v, Whenever
more than one individual has a low value, individual rationality and budget balance imply that
the public good is not provided and all taxes are 0.

The crucial case is when exactly one individual has a low value, that is § € © is such
that, |{i | 6; = v}| = 1. The good will then be provided with some probability, denoted by
a. Conditional on the good being provided, by symmetry, all individuals with a high value will
pay the same tax, denoted by y; denote by y* the tax paid by the low value individual.

By above, we can limit the attention to mechanisms specified by the triplet (o, y7, y%).

For mechanisms in O these quantities satisfy the following constraints,

o 2 alt -, 9
(N=1y" +¢y* = 1, (6)
o > y >0, (7)

vl >yt >0 (8)

(5) is the incentive constraint of high value individuals; for a low value individual, her incentive
constraint is automatically satisfied since v¥ < % Equation (6) is the strict budget balance
constraint, and (7) and (8) are the individual rationality and no benefits constraints of the high
and the low value individuals, respectively.

For A € [0, 1], define,

V() = /\UH—i—(l—)\)(iV__Ul),
vEN) = X1 — (N = Do) + (1 = Mot
a(\) = VTN



and define by dy the decision rule given by (a()), v (\), v ()\)). The next proposition charac-

terizes the set of robust efficient public good provision mechanisms O* in this environment.
Proposition 2. The set O* is given by the convex hull of the set {d, | A € [0,1]}.

Proof. The key event to consider is when all individuals except perhaps one have a high value
of the public good. There are two cases when the value of the good to that individual is either
y* or y. Given y”, the probability of providing the public good must be maximal, so that (5)

must hold with equality, that is,

o — L

Similarly, (6) must hold with equality — otherwise taxes to some individuals may be reduced

without reducing the probability of providing the good. Thus,

(N — Dy +y= =1

In order to satisfy (7) and (8) the highest possible tax to the low value individual is v and the

lowest is 1 — (N — 1)v* so that admissible taxes to the low value individual are given by,

vEO) = Mf + (1= X)(1— (N —1)v"), X e [0,1]

By exact budget balance admissible taxes to the high value individuals are given by v#()\) =

1_N”—f(1)‘), and by substituting the expression for v£()\) in place of y~ in (14) we obtain the

expression for a(A). By (3) and (4), a(\) € (0,1), for A € (0,1) and by construction, dy € D,
VA € [0,1].

To conclude the proof, we must first show that for A\, X € [0,1], d) does not dominate
dy; and second, that a mechanism given by udy + (1 — p)dy is undominated for u € [0, 1].

For a given \ the utility of the low value individual is given by U(\) = a(X\)(vF —vE(N)),
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so that,
1 " A(N = 1o +0f —1)
(v — oL + A(N = 1)ofl + 0L — 1))’

A(N—=1)vH ol —1)
(vH —v L4 A((N—1)vH 40l —1))

which is increasing in A, since the expression is increasing in .

The utility of a high value individual is given by U(X) = a(X) (v — v())), that is,

_ (v — %) y A(N = 1o + ol —1)
(N—=1)  (vH =0l 4+ A((N = 1ol + 0L = 1))’

(1= ((N=1)vT 40l —1)
vH—p L A(N—=1)vH +ovl—1

which is decreasing in A, since ( ) is decreasing in A. Therefore, for A # X,

dy and dy do not dominate each other, one way or another.

Finally, it is easily shown that for \, \ € [0,1] and p € (0,1),

PUA) + (1= p)UN) > U(pA + (1= p)X),

while

pUAN) + (1 = ) U(N) > U(pA + (1 — p)X').

Therefore, if the mechanism is given by udy + (1 — p)dy, that is, d) with probability p and dy

with probability 1 — u, then such a randomized mechanism is also robust efficient. O]
As a corollary, note that there is no classically efficient decision rule in D.

Corollary 2. In the present environment, D* N D* = ().

Proof. This follows from the previous Proposition 2 and Theorem 8. O

While this first example serves mainly for illustrative purposes, the next example is less

intuitable from known results.?°

20 An extension of the present example, which might have a particular appeal, is to consider a more elaborate
setting where individual rationality must be satisfied only by some majority of individuals. While potentially
impinging on some individuals’ rights to freely opt out of the scheme, such a possibility might enhance efficiency
of the resulting robust efficient decision rules.
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4 Example 2: Property rights

In the second example, which relates to several classical problems, there are N individuals
who must allocate an object among themselves. There are no a prior: property rights so that
Yy = N U {0}, where yy = i when the object is allocated to some individual i and yy = 0 when
the object is not allocated. Each individual’s value of the object is privately known and is given
by 6; € © for some finite set ©. None of the allocations incur any costs so that I omit the
cost function ¢ from the specification of the environment. I again assume a quasilinear setting,
where u;(y,0) = y; + 1{y,—10;. | also assume that no individual can be forced to participate in
the scheme and that there is no outside subsidizing agency. The feasible set D is thus given by
the decision rules satisfying incentive compatibility, individual rationality, and budget balance.

When it is common knowledge that the individual who values the object most knows
that, this problem is known as the “King Solomon’s Dilemma.” Then classically efficient allo-
cations exist, even when no transfers between the individuals are allowed, see e.g., Perry and
Reny (1999), Olszewski (2003) and Bag and Sabourian (2005). Another related problem is the
so-called partnership dissolution problem where the individuals initially hold property rights
over shares of the object. Under the interim (Bayesian) constraints Cramton et al. (1987)
provide conditions whereby a classically efficient solution exists. See also McAfee (1991) for
a related setting, McAfee (1992a) for an example without quasi-linearity, and especially the
survey by Moldovanu (2002).

When the object is allocated, transfers are made solely between the individuals. For
classical efficiency these transfers must sum to zero — otherwise some numeraire would be
disposed of. When reports are 6 denote by ¢;(0) the probability that the object is allocated to
i by y;(0) the transfer to/from i. Proposition 3 states that in general, there does not exist a

classically efficient solution to this problem.
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Proposition 3. Let N = 3. Suppose that ©; = O, Vi, {0, v, v v} C ©.

If ol < %UM, then Ad € D, such that d is Pareto efficient.

Proof. Suppose to the contrary that there exists a classically efficient mechanism. By Theorem
8 of Section 6 it suffices to consider anonymous mechanisms. Note that in a classically efficient
allocation, budget balance implies exact budget balance.

The proof now utilizes Table 1 below which describes probabilities ¢; and transfers y;
for different classes of type profiles 6. In the first row, there are 10 different classes of profiles,
up to permutations of individuals, and each class is denoted by a superscript. In the second
row, if in a given class 6; can take several different values, then these values are described by
the appropriate set, e.g., in the class 6!, individual 3’s value 63 € {v* v¥ 0}. A draw of types
6 in the class 6% is denoted by 6 € 6. Finally, « is the probability that the object is allocated
to the individual with the second highest allocation when her value equals ¥ and there are no
ties; B denotes that same probability when her value equals v¥ and there are not ties.

In a classically efficient mechanism the object is allocated to an individual with the
highest value of the good with probability 1 so that @« = § = 0. The following 5 steps
demonstrate that the feasibility constraints pin down the allocation to that specified in Table

1. Consequently, no classically efficient mechanism exists in D.

Step 1. By symmetry and Pareto efficiency, at 6°,60,6'°, p; = 3, and y; = 0, Vi. Additionally,

set ;(0,0,0) = 0,V4, which is admissible as it is then efficient to dispose of the object. Note

that setting ¢;(0,0,0) = 0 will yield highest efficiency as it provides the strongest possible

incentives for higher types to not misrepresent downwards.
- _1

Step 2. At 0', o1 =pa =13, p3=0,y1 =1y = —¢o™, and y3 = 3v

M
5 .

Proof. Consider individual 3. When 0, = 6, = v, as long as 03 < v, since ¢3 = 0, individual
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3 must receive the same transfer regardless of her report as she would otherwise have incentives
to misrepresent her value for those values of 65 where she obtains the smallest compensation.
Therefore, the allocation is indeed constant at 6.

M in order for her not

Next, individual 3 can be compensated at most % when 03 = v
to misrepresent her value to v™ when § = #°. On the other hand, at § € ', for 3 not to

misrepresent her value to v, she must be compensated at least % Since the transfers must

sum to 0, and by symmetry, we have y;(0') = —%ﬁl),i < 3. We thus obtain,

2a(0%) = 0,42(6") € [, 5. (10)
o0 = 2oy =20 i <5 (1)

Consider §2. In order for individual 2 not to misrepresent her value to v, i.e., to 0!, it

must be that,

S0+ 1(0') < 0a(7) = s (6°), (12)

where the last equality follows by symmetry. Therefore, by strict budget balance
2 2 2 m
n(0) = —2(6%) = —Zo", (13)

where the last inequality follows from (10), (11), and (12), since the most negative transfer

from 1 at 62 is attained when y3(0') = 1’3& in which case y(6%) = —20v.
Consider #*. If at 6* individual 1 misrepresents her value to 62, then she obtains v™ +

y1(6?) > sv™ = uy(0*). Hence, it must be that y,(6%) = 20,

Step 3. The allocation at 6¢ follows by a similar argument to that in Step 2, substituting 6*

for 6°, 6° for 6, and 6'° for 6*.
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Step 4. Recall that o = 8 = 0. At 63, the allocation follows by considering a deviation of
individual 2 to #*. At 07 the allocation follows by considering a deviation of individual 2 to 63;

alternatively, since o = 3 = 0, #; = v, and 63 = 0, it must be that individual 2 obtains the

same transfer regardless of whether she reports 6, = v* or 6, = v™.

Step 5. At 6°, the allocation follows by considering a deviation of individual 2 to either 67

2UM

or 2. Now observe that y» = y3 = %UM , hence y; = —Zv", which is independent of whether

individual 1 reports v, v™, or v* as in any of these cases she obtains the object so that her

L

transfer must be unaffected. Therefore, since v < %vM , the utility of 1 at #; = v" is negative,

H_ 2,M

sv™ < 0, which contradicts the individual rationality.

that is, uy = v

By steps 1-5 there does not exist an anonymous mechanism satisfying the desiderata. The proof

follows from Theorem 8. O
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61 02 03 Y1 P2 p3 ty to t3
6° i ol i % % % 0 0 0
0! of o {UM,’UL,O} % % 0 —% _% %
62 ol oM oM 1 0 0 - Q%M % %
63 vl oM {0, vL} l-a o 0 M (o - 2) oM oM %
04 oM oM oM 3 L 0 0 0
¢ WM o) 4 b oo L -
6% {oM v} vl vl 1 0 0 b il il
o7 {UM, UH} vk 0 1-8 B 0 —lo =13 (a—pebet _auM %
63 vk vk 0 % % 0 —% _% %
6% | {of oMY 0 0 1 0 0 | —zM o0,M WM -
10 oL oL oL % % % 0 0 0
o1 0 0 0 0 0 0 0 0 0

Table 1.

Along similar arguments, but with substantially more algebra and notation, it can be
shown that in this environment there does not exist a classically efficient mechanism in the
general case when N > 2. Note that finiteness of the type space is not the root cause of
the problem in this example: the problem is that when the difference between the lowest
non-zero value and 0 is too small, the individuals who do not obtain the object cannot be
sufficiently compensated by the sole highest-value winner of the object, since not enough value is
generated from the allocation to simultaneously satisfy incentive compatibility, budget balance,
and individual rationality. This problem only gets worse when types can take a continuum of
values.

In contrast to the interim setting of Cramton et al. (1987), Proposition 3 implies that a
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Pareto efficient way to dissolve a partnership in a robust setting does not exist. The reason is
that if the individuals initially hold property rights, then it is even more difficult to satisfy the
individual rationality constraints. This is true under symmetric and asymmetric scenarios alike,
that is, whether the initial shares are equal or not. A separate special case is when the object
is initially owned by one of the individuals, similar to a resale of an object that had previously

2L One might intuit that a feasible

been acquired by one of the individuals in an auction.
classically efficient decision rule akin to a second-price auction ought to exist. Proposition 3
implies this is not the case.

I now construct an example of an anonymous robust efficient mechanism in this environ-
ment, see Definition 11 of Section 6 for the definition of an anonymous decision rule.?? There
are many ways in which Pareto efficiency may be relaxed while satisfying feasibility. An obvious
possibility is, in some instances, to assign the good with a positive probability to the individual
with the second-highest value; Such an assignment is still more efficient than assigning the good
to some other individual with a lower value. Assigning the good in this way directly reduces
the payments that must be made by the highest-value individual when she wins the object,

and indirectly reduces the payments by differentiating between the incentive constraints of the

second-highest and lower-value individuals.

Proposition 4. Let N = 3. Suppose that ©; = {0, v, o™ vH} Vi, and vl < %vM. Then there
is an anonymous robust efficient mechanism which assigns the object to the second highest-
value individual with probability o = 2,U%(QUM —vl) when there are no ties. That mechanism

3

1s described in Table 1, setting B = «.

217heng (2002) provides an example of a classically efficient auction with resale under the interim constraints.
In the present case, however, the environment is slightly different, in that the original owner does not value
the object at zero, as would an auctioneer in a standard auction environment. It is indeed an implication of
the results in Cramton et al. (1987) that even under the interim constraints, there does not exist a classically
efficient decision rule in the present case.

22Note that as in the public good example of Section 3, while incentive compatible, a VCG mechanism will
not simultaneously satisfy ex-post individual rationality and budget balance. Thus, VCG mechanisms are out
of question here too.
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Proof. Consider again Table 1. The proof follows along the lines of the proof of Proposition 3
with no differences in Steps 1-3, and the following distinctions:

In Step 4, at 63, when s = o > 0, then that lowers the necessary transfer to individual 2 (still
determined from the deviation of 2 to #'); this in turn determines the transfer to individual 2
at 07, as noted in Table 1.

In Step 5, at 62 in order for the individual 2 to not deviate either to % or 67, it must be that,

1 1
y2(0°) > max{(a — f)v* + (3~ ay, (3~ ayo}
By setting (5 — a)v™ = v¥ and 8 > «, that ensures that at 6, the individual rationality

constraint of 1 holds with equality, while minimizing « subject to the constraint that 2 would
not want to misrepresent from 6° to either 62 or §7; by setting 3 = a the loss in the aggregate
surplus is minimized also at 67 so that the mechanism cannot be Pareto dominated by any

mechanism which satisfies incentive compatibility along with all the other constraints.

Finally, to assure incentive compatibility, we must set ¢; = 0 at # = (0,0,0), which has

no effect on Pareto efficiency. O

Apart from the aforementioned classical problems, the present example also evidently
relates to an auction. Namely, in a setting where the seller in an auction is strategic in the
sense of possessing private information regarding how much she values the object, the present
example demonstrates that there is in general no classically efficient robust auction mechanism
for allocating the object and that there exist robust efficient trading mechanisms (i.e., on the
Pareto efficient frontier of feasible decision rules) that in some instances with some probability
allocate the object to the second-highest bidder. For the present purpose, the above example

illustrates the concept of constrained efficiency under robustness in an environment with private
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values and a private good (private consumption).

5 Robustness, ex ante, interim constrained efficiency

In their formulation of robust mechanism design, Bergemann and Morris (2005) provide a
framework for mechanism design in the context of rich type spaces.?> In this section, I use
that framework to define ex ante and interim notions of constrained efficiency for such robust
considerations. I then show that in any commonly studied environment these notions coincide
with robust efficiency defined in Section 2.

As in Bergemann and Morris (2005), a type space is a collection,

T = (,'TM é’h ﬁ—i)?zl, Where,

t; € T; is individual i’s type, b, : T, — 0;, so that 0, is i’s payoff type when his type is t;, and
7+ T, — T_;, so that 7;(t;) is the hierarchy of i’s beliefs when his type is t;. To sum up, the

economy is now completely specified by the list,

'=(NY, T,u),

and [' is assumed to be common knowledge. In addition, in each state ¢, each individual ¢
knows her private information ¢;. Given a type space T we again define a decision rule d as
a mapping d : T — Y. Note that the formulation of Section 2 can be embedded in this more
general framework: let T be the payoff type space, i.e., 7, = ©;. On the other hand, a decision
rule d on © naturally induces a decision rule dy on T. As before, the set of all decision rules

is given by D.

28ee, e.g., Mertens and Zamir (1985) and Brandenburger and Dekel (1993) for a general definition and
discussion of rich type spaces.
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In this setting, we can imagine different ez ante and interim notions of (constrained)
efficiency. One can then vary the type space and ask what decision rules are constrained efficient
in a sense that is robust to such variation. To define the domination relations we fix the type
space T .24

Given a type space 7 and a decision rule d, the individual ¢’s corresponding ex ante and

interim expected utilities are given by,

UT(@) = [ (o) 0(e))d (o),
teT

Ul(d|t) = /t = 'ui(d(t),é(t))dfri(t_i | 4).

Definition 5. A decision rule d' ex ante dominates d on T, denoted d' »~ d, if,
Ur(d) > U] (d), Vie€N, (14)
with at least one strict inequality; d' interim dominates d on T, denoted d’ > d, if,
UT(d | t)>U(d|t), Vt;€TVie€ N, (15)

with at least one strict inequality.

I remark that the notion of ez post domination on 7T is defined as in Section 2 and denoted by

.
-

For our purposes, it will be enough to limit attention to two sorts of type spaces: all full

24Tn the following definitions it is implicitly assumed that the type space 7 is finite, that is, that each T}
is finite. This will be enough for our purposes here. The definitions can easily be extended to more general
type spaces, e.g., the universal type space, as long as T is a Hausdorff space, which is the case as long as © is
compact, see Mertens and Zamir (1985).
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support common prior payoff type spaces, defined as in Bergemann and Morris (2005); and all
full support subjective priors payoff type spaces, which I introduce here.?> A type space T is a
payoff type space if T; = ©; and 0; is the identity map, Vi. A payoff type space satisfies a full

support common prior assumption if in addition Ip € int(O), such that,

A payoff type space satisfies a full support subjective priors®, if, (py,...,p,) € int(O)", such
that,

The assumption of full support is maintained throughout, so that when we refer to, e.g., a
subjective prior payoff type space, what is really meant is a full support subjective prior payoff
type space and no confusion should arise. I also remark that the set of all subjective prior payoff
type spaces is, of course, a superset of the set of all common prior payoff type spaces. From
now on, the type spaces under consideration will be either of these two payoff type spaces.

A decision rule d on a payoff type space T is naturally a decision rule on ®. Moreover, if
a given (constrained) set of decision rules D C D is feasible for all subjective priors payoff type
spaces, then it is sensible to think of D as a set of feasible decision rules on ®. This will be
the case if all the constraints specifying the decision rules in D are satisfied (or not) on all the
subjective priors payoff type spaces; for example, all the ex post constraints specified in Section

2 evidently have this property. For such decision rules and feasible sets D all the definitions

250mne could also consider the universal type space, where T} is the set of all i’s coherent hierarchies of
beliefs, see also Mertens and Zamir (1985) or Brandenburger and Dekel (1993). Indeed, our definition of robust
efficiency is applicable to the universal type space, and our main result of this section, Theorem 3 below, holds
on the universal type space a fortiori.

26To formally represent a subjective priors type space in the belief hierarchy, where each individual has a
subjective prior over the payoff types, and these subjective priors are common knowledge, such a type space
would be infinite and different from the payoff type space. Nevertheless, such a subjective priors type space is
homeomorphic to the representation given here.
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of Section 2 apply.2” When considering all subjective priors payoff type spaces, heuristically,
each individual does not know the others’ subjective priors. Fix a D C D and assume that it

is feasible for all subjective priors payoff type spaces.

Definition 6. A decision rule d' uniformly ex ante dominates d, if d’ »" d, on all common
prior payoff type spaces T ; denote d’ »"d. AdeDis uniform ex ante constrained efficient
in D if Ad € D, s.t., d» " d.

A decision rule d' uniformly interim dominates d, if d’ >" d, on all common prior payoff type
spaces T denote d' >°" d. A d € D is uniform interim constrained efficient in D if Ad € D,

s.t., d>"d.

Denote by D™ and D° the sets of uniform ez ante and interim constrained efficient decision

rules in D, respectively.

Definition 7. A decision rule d' robust ex ante dominates d, if d’ - d, on all subjective priors
payoff type spaces T ; we denote d’ »°"d. Ade D is weak ex ante constrained efficient in D
if Ad € D, s.t., d»°" d.

A decision rule d' robust interim dominates d, if d’ > d, on all subjective priors payoff type
spaces T we denote d' >°" d. A d € D is weak interim constrained efficient in D if Ad € D,

s.t., d " d.

Denote by D™ and D” the sets of weak ez ante and interim constrained efficient decision rules
in D, respectively.

The more difficult it is for a decision rule to dominate another decision rule, the larger

2"For a general type space 7T it is not true that every decision rule d on T is also a decision rule on ® — two
type profiles t,# € T may pertain to the same profile of payoff types, and d may assign different allocations to
t and t'. As for the feasibility of decision rules, one could also take various sorts of constraints that do depend
on the specific type space, derive the corresponding type-space specific feasible sets of decision rules, and then
consider the intersection of these sets over the relevant type spaces. See Bergemann and Morris (2005) and
also Ledyard (1978) for an extended discussion of this issue, especially regarding the incentive compatibility
constraints.
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the set of undominated decision rules. Therefore, the following relationships hold:
D cD cD cD'and D" c D cD” c D" (16)

Theorem 3. A decision rule d' ex post Pareto dominates d, if and only if, d' uniformly ex ante

dominates d.

Proof. 1t is evident that if d’ ez post Pareto dominates d, then d’ uniformly ez ante dominates
d. For the converse, suppose that d’ does not ex post Pareto dominate d. For each i € N, let
O = A0 UAaUA,; pq, where u;(d'(0),0) > u;(d(0),0), V8 € A; ., u;(d(0),0) < wi(d'(9),0),
V8 € A; 4, and w;(d(0),0) = u;(d'(9),0), VO € A; 4. Note that there exists at least one ¢ such
that A; 4 # (). Now take p € int(®), such that p stacks most of the probability mass on A, 4.

Therefore,

/ w(d'(6), 0)dp(8) < / wi(d(8), 0)dp(9),
0c®

0cO

so that d’ does not uniformly ex ante dominate d. O

Since the strongest and the weakest domination relations coincide, we have the following

corollary.

Corollary 4. For a D C D, all the sets in (16) are identical,
D"=D"=D =D =D

As far as interim implementability of decision rules is concerned, Bergemann and Morris
(2005) suggest that the requirement that a decision rule be implementable on all full support
common prior payoff type spaces is a minimal requirement for robustness. If this criterion is

applied to the question of efficiency, the minimal requirement for robustness is that a decision
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rule d be uniformly interim constrained efficient, that is, d € D”. By Theorem 3 and Corollary

4 that is equivalent to requiring that d be robust efficient in D.

6 Feasibility, common knowledge, durability, and anonymity

In this section, I touch upon several additional considerations. I have chosen to place these
considerations at the end, as I view these considerations supplementary, or in some cases also

too broad to be discussed here in greater depth.

6.1 Incentive compatibility and feasibility

Among the feasibility constraints, incentive compatibility stands out — it is necessary to im-
pose incentive compatibility or some other strategic constraint as a feasibility constraints on
decision rules. Why is that so? The answer lies in the revelation principle, more precisely
its contrapositive: if a decision rule is not incentive compatible, then there does not exist any
institution (or game form) such that the decision rule is the result of an equilibrium behavior
of the individuals interacting through that institution. I illustrate this on the example of ex
post incentive compatibility.?8

Consider an environment given by (N,Y, ©, ¢, u) and a game form I' = (N, 0, 0, S, v, 4).
Here S is the set of players’ type-contingent strategies (possibly mixed), so that an s € S is
a mapping s : © — O, where s;(0) = s;(6;); O is the outcome space of game form T', 7 is the

outcome mapping, v : O — Y, and @ : S x © — R” are the players’ indirect utility functions,

28By no means do I wish to suggest that ex post incentive compatibility constraints are the only strategic
feasibility constraints consistent with robustness. For example, Yamashita (2015) considers a notion of ratio-
nalizability which is independent of the individuals’ prior beliefs, and Borgers and Smith (2012) consider a
similar procedure. However, my main concern here is with efficiency and I will limit the discussion of strategic
constraints to the example of ex post incentive compatibility.
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u(s,0) = u(v(s),0),s € S. In T, a strategy profile s is an ex post Nash equilibrium if,

’lNLZ‘(S,9> > ﬂi(s;,s_iﬁ),‘v’s; S SZ,VQ € 0.

Note that a decision rule is a particular kind of game form where O = © and S; = {s; : ©; —

©;}. The revelation principle can now be stated as follows.?

Theorem 5. If there exists an ex post Nash equilibrium s of a game formT' = (N, 0,0, S, v, 4),
then there exists an ex post incentive compatible direct revelation mechanism d, such that d(6) =

v(s(0)), for all 0 € O.

Proof. Define a decision rule d by d(f) = v(s(0)) and suppose that d is not ex post incentive

compatible. That is, 30 € ©, i € N, and ¢, € ©;, such that,

w(d(0),0) < w;(d(6],0_,),0).

Now define 4’s strategy s, € S; in I' by /(6;) = s;(6;),V6; # 6; and s(6;) = 5;(6!). Therefore,

which is a contradiction, since s was an ex post Nash equilibrium to begin with. O

Corollary 6. Let EQ be a refinement of the ex post Nash equilibrium. If a decision rule d

1s not ex post incentive compatible, then there does not exist any game form I' and a strategy

profile s in T, such that s satisfies EQ, and v(s(0)) = d(0),V0 € ©.

Proof. Suppose d is incentive compatible and there exists a game form I" and an s such that s

29The revelation principle is well known, see e.g., Myerson (1991), and I only state it here for clarity. Note
also that I consider only partial implementation, as that is more relevant to present considerations. See, e.g.,
the survey by Jackson (2003) and the chapter by Palfrey (2002) on the difference between partial versus full
implementation.
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satisfies EQ and d(6) = v(s(0)), V8 € ©. Since EQ is a refinement of ex post Nash equilibrium,
if s satisfies E() then, in particular, s is an ex post Nash equilibrium strategy profile. By

Theorem 5 the decision rule d is incentive compatible, a contradiction. O

The message of Corollary 6 is that a decision rule which is not incentive compatible
cannot be thought of as a result of the individuals’ equilibrium (in the sense of ex post equi-
librium) behavior in any institution, be it static or dynamic. In a dynamic setting, as long as
the equilibrium concept is some refinement of the ex post Nash equilibrium, such statement
holds a fortiori. Similarly, this is true for any other equilibrium notion for which the revelation
principle holds, e.g., dominant strategy equilibrium and the corresponding notion of incentive
compatibility, strategy-proofness, and in a non-robust framework, Bayes-Nash equilibrium and

the corresponding interim incentive compatibility.?°

6.2 R

obust common knowledge and durability

Whether and how the individuals may change from, or settle on, various decision rules
is a quintessential question in the discussion of efficiency. Holmstrom and Myerson (1983) call
this aspect of a decision rule durability. As described by Holmstrom and Myerson (1983) in the
context of interim incentive efficient decision rules, the issue is two-fold: on the one hand, there
may exist an informational state such that the allocation prescribed by a given decision rule
(or, a decision) is Pareto dominated by some other allocation; on the other hand, unanimous
agreement to change to a different decision rule would constitute a common knowledge event,

whereby all individuals prefer the latter decision rule. Holmstrom and Myerson (1983) show

39Such refinements of Bayes-Nash equilibrium for dynamic settings are the sequential equilibrium and the
subgame-perfect Bayes-Nash equilibrium. See Myerson (1986) for an early application of these notions to
mechanism design. A recent general framework for applying these notions to mechanism design may be found
in Pavan et al. (2014).
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that interim incentive efficiency is equivalent to non-existence of a common knowledge event
whereupon the individuals unanimously prefer another feasible decision rule over a given feasible
decision rule. The notion of robust efficiency is not immediately amenable to such considerations
— common knowledge, in the sense of Aumann (1976) is defined in terms of the individuals’
subjective prior beliefs. Hence, it is not obvious how to define a common knowledge event in
the language of Section 2. The definition of robust interim constrained efficient decision rules
provides a natural conduit to address these issues.

Given a subjective priors payoff type space T, as in Holmstrom and Myerson (1983) an

event R C T = © is common knowledge on 7 if R = Ry X ... X R,, R; C T}, and,

pi(t ;1) =0 VteR, V&R, Vi (17)

Definition 8. An event R is robust common knowledge if it is common knowledge on every

subjective priors payoff type space.

Intuitively, if R is robust common knowledge, then, as long as the individuals’ (rich)
types are in R, all the individuals assign zero probability to the types outside R regardless of

what subjective prior over the payoff type space each individual holds.

Definition 9. A decision rule d' robust interim dominates d within R, denoted d' >, d, if,
R #0 and,

Ul |t)y>Ul(d|t), VteR, Vi, (18)
with at least one strict inequality, for all subjective priors payoff type spaces T .

Suppose now that each individual may have a variety of different subjective priors, that
is, consider all subjective priors payoff type spaces. If at some point prior to the realization

of their private information — their types — the individuals agree on the decision rule that
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they should use, then they should settle on some weakly ex ante constrained efficient decision
rule. By Theorem 3, such decision rule would be robust efficient. Equivalently, this would be
the case if the decision rule were at such prior stage proposed by a benevolent social planner
without knowledge of the individuals’ priors; by Corollary 4, this would be the case even if the
individuals had some common prior unknown to the social planner. However, under the former
decentralized interpretation, it seems more sensible to assume that the individuals’ priors were
subjective.

It seems equally sensible to assume that the individuals should only consider rules that
satisfy some notion of incentive compatibility. Bergemann and Morris (2005) showed that if a
decision rule were interim incentive compatible on every common prior payoff type space, then
such decision rule would be ex post incentive compatible as defined in Section 2. Therefore,
if the decision rule were interim incentive compatible on every subjective priors payoff type
space, then it would be ex post incentive compatible, a fortiori. In a decentralized discussion
the individuals should then consider decision rules satisfying ex post incentive compatibility as
well as any other constraints dictated by the economic environment at hand.

The question then is whether the individuals could agree to change from a given robust
efficient incentive compatible decision rule after their private information has been realized. The
following theorem is analogous to the characterization of interim incentive efficient decision rules

in Holmstrém and Myerson (1983).

Theorem 7. An incentive compatible decision rule d is robust efficient if and only if there does
not exist a robust common knowledge event R and an incentive compatible decision rule d’, such

that d' >, d.

Proof. For sufficiency, let R = T and the result follows by Corollary 4. For necessity, suppose

that d' >, d, where d' is incentive compatible and R is a robust common knowledge event.
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Define

d(t), ifteR,
d*(t) =

d(t), ifté&R.
Evidently d* > d, and moreover, d* is incentive compatible. To see this, take an ¢ and first
consider t; € R;. He would not want to misrepresent to any type in R; since d’ is incentive
compatible. Now fix a prior p;. Since d’ is ex post incentive compatible, it is interim incentive
compatible under the prior p;, and since d' >, d, d’' interim dominates d under the prior p;
so that i’s average payoff under p; is at least as high under d’ than under d. Since d is also
interim incentive compatible under p;, it follows that given a prior p;, ¢« would not have any
incentives to misrepresent outside R;. Now consider the case when t; ¢ R;. Then, since R is
robust common knowledge, it follows that the ¢t_; € R_;, so that the decision rule coincides with
d, which is ex post incentive compatible. Therefore, for every prior p;, d* is interim incentive
compatible so that it is ex post incentive compatible. This implies that d is not robust efficient,

a contradiction. O

Theorem 7 suggests that if the individuals are engaged in a robust efficient decision rule
d , then they could not unanimously agree to change to another incentive compatible decision
rule. That is true at least to the extent that it could not be common knowledge on all subjective
priors type space that the individuals unanimously prefer a different decision rule. One could
still posit that if each individual learned some additional information beyond his type, then all
individuals might be willing to change to some other decision rule. On the one hand, under
ex post incentive compatibility the individuals would have no incentives to misrepresent their
types, even if they knew all the private information in the economy. Furthermore, robust
efficient decision rules are precisely those that cannot be improved upon in every informational

state and still satisfy incentive compatibility. Therefore, a heuristic intuition is that at least
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under some reasonable specifications of decentralized deliberations, the answer to the above
question is no. Lacking a formal specification of such a decentralized discussion, I leave this as

an intuition.

6.3 S

ymmetry and anonymity

Another related possibility is to consider additional characteristics of the economic en-
vironment such as symmetry. A Rawlsian argument suggests that in a symmetric environment,
ex ante equal individuals may be prone to elect at least a symmetric lottery over robust efficient
decision rules; under conditions of risk aversion, or under a maz-min social welfare criterion, the
individuals should presumably prefer a deterministic choice of an anonymous decision rule over
such a lottery. Anonymity and symmetry are well-known desiderata, especially when it comes
to concerns of fairness, see e.g., Moulin (1993) and Serizawa (1999). Symmetry requires that
two individuals with the same preferences and initial endowments receive the same allocation.
Anonymity requires that when names of individuals are permuted, so are their consumption
bundles. To keep the language consistent with the literature I refer to anonymous decision
rules on the one hand, and to symmetric environments and symmetric sets of decision rules
on the other. The symmetry axioms concern both, the environment and the set of decision
rules, rather than a specific decision rule. In particular, non-anonymous decision rules may, in
a symmetric environment, belong to a symmetric set of decision rules.

While the main concern here has been with the environments where classically efficient
rules do not exist, that is, where D* N'D* = (), in some environments, even imposing efficiency
might still lead to a substantial indeterminacy regarding transfers, or prices. In a symmetric
environment one way to resolve this indeterminacy is to consider symmetric, or more general

anonymous decision rules.

37



Suppose that for each 7, ©; = O, so that ® = ©". Denote by II(n) the set of all
permutations of n elements. A 7 € II(n) may denote either a permutation of the individuals
in IV, or the corresponding permutation of the elements of vector # € ©", or the corresponding
permutation of the individuals’ transfers yy € R"; furthermore, 7(f) denotes the permuted
vector 0 and 7(i) denotes the image of an element i € N under permutation 7. For a decision

rule d and a permutation 7 denote by d™ the decision rule dom, that is, d"(0) = d(n(0)), 0 € ©.

Definition 10. An environment is symmetric if ©; = ©,Vi, and for every y € Y, and every
permutation ™ € II(n), there exists a yy € Yy such that u.)(yh, m(yn), 7(0)) = u;(y, 0), Vi, V0 €

©.
Both examples of sections 3 and 4 correspond to symmetric environments.

Definition 11. Let the environment be symmetric. A decision rule d € D is anonymous if, for

every permutation © of N,

Uz(d(9>7 9) = Ur(i) (d(ﬂ-(g»v 71-(9))7 Viv V6.

Definition 12. The set of decision rules D is symmetric if the environment is symmetric and

de D= d € D,Vd e D, for all permutations .

To illustrate the aforementioned indeterminacy of prices, consider a symmetric envi-
ronment. There, existence of classically efficient decision rules implies that there also exist
anonymous classically efficient decision rules. While the assumption of symmetry is somewhat
restrictive, it covers several classical allocation problems. In particular, it applies to the two

examples in sections 3 and 4.

Theorem 8. Suppose the environment is symmetric, quasi-linear, and D C D is convex. Then
there exists a classically efficient decision rule in D, if and only if, there exists an anonymous

classically efficient decision rule in D.
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Proof. For sufficiency, an anonymous classically efficient decision rule is classically efficient. For
necessity, take a d € D* ND* and suppose d is not symmetric. For each 7 € II(n), d™ is also
classically efficient and d™ € D. To show this, suppose to the contrary that there existed a d’
such that @ Pareto dominated d™; in that case d™ = d’' o 7! would Pareto dominate d, a
contradiction. Therefore, d™ € D* ND*,Vr € II(n). Now let d*(0) = ﬁzwen(n) d™(6). By
convexity d* € D. It is also evident that d* is symmetric. Finally, recall our assumption that
the decision rules in D cannot entail infinite subsidies, that is, > ..\ di(d) < K, V0 € ©, for
all d € D and some constant K. Along with quasi-linearity, this implies that every classically
efficient decision rule in D must yield the same total sum of the individuals’ utilities, and
any feasible decision rule yielding such a total sum of utilities is classically efficient. Hence,

d*e D*ND*. [l

One could further ask under what conditions utilitarianism leads to an anonymous de-
cision rule. That may be of interest and perhaps relevant to the current discussions in public

economics, inequality, and the distribution of wealth.

7 Appendix

For a given set of decision rules D C D denote by U[D] = {U4(.) | d € D} c RI®*" ie. U[D]
is the set of utility allocations for all types of all agents, arising from the decision rules in D.
Clearly, D satisfies convexity if and only if U[D] is convex. Similarly, D is closed if and only if
U[D] is closed in RI®*". Finally, note that since transfers are bounded by assumption, and all
the other sets are finite, U[D] is bounded in RI®*"  for any D.

We first show that for any D satisfying convexity, the set U[D*| satisfies a weaker

property. For a,a’ € U[D*], define S(a,a’) = {p € (0,1) | pa+ (1 — p)a’ € U[D*]}.
Lemma 1. For each a,a’ € U[D*], either S(a,a’) = (0,1) or S(a,a’) = 0.
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Proof. Take a,a’ € U[D*] and let d,d" € D* be the corresponding scf’s. Define d, = ad + (1 —
a)d', for a € [0,1]. Let S = (0,1)\ S(a,d’), i.e., S is the set of a’s such that ad+ (1 —a)d’ ¢ D*.
Assume that @ € S, for some @, hence S # (). Let d’ > ds. Now take convex combina-

tions of d’ and d to dominate all d,, s.t. o < &, and take convex combinations of d' and d’ to

dominate all d,, s.t. a > @. Thus, S # 0 = S = (0,1). O

Proof of Theorem 1. To see that D" C D* assume that 3d € D"V which solves (2) for some A(.)
and 3d’ € DV, s.t., d’ = d. By the definition of >, inserting d’ into the optimization program
(2), we see that its value is higher than that obtained from d, for all A(.) and all Pr € int(©),
a contradiction.

For the converse, we proceed in 5 steps.
Step 1. U[D"] has empty interior in RI®/*".
Assume the opposite and take an open ball o(a,¢) = {a’ | |la — d'||2 < €} C U[DY"], for some
€ > 0. Let d be the scf corresponding to the point a. Taking a + 5(1,1...,1) and letting d' be
the corresponding scf we obtain d’' > d, a contradiction.
Step 2. U[D"] is closed. This follows immediately from D closed.
Step 3. Either U[D"V] has empty interior relative to U[D], or U[D"V] = U[D].
This follows from convexity of U[D] and Lemma 1.
Step 4. Take a direction a € RI®*" ||al|y = 1, and let the correspondence a(a) be defined as
the solution to the linear program,

a\) = arg max «.a
() g max a.a,

where a.a is the standard scalar product between the two vectors. Then,

UDV] = (U, ploina(a)).

++
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By compactness of Y[ D"], a(a) # 0, V. By convexity of U[D], it is clear that if int giejxn (U[D]) #
0, then bo(U[D]) = U,cpeixna(c), where bo(.) denotes the boundary of the set, i.e., the
set of all its limit points which are not in its interior; and if intgexn(U[D]) = 0, then

UD]) = Ugepioixnala). If intyp)(U[DY]) = 0, then since U[D"] is closed (Step 2), U[ D] =

cl(UaeR\ﬂma(a)).gl

On the other hand, if U[D"Y] = U[D], then by Step 1 and convexity of U[D], U[ D] is a compact

and convex linear subset of RI®/*". Hence there exists a a € R'glxn, s.t. U[DY] = a(@), (this

a must be strictly positive by the definition of =), so that U[D"] = a(a) C U__pieixna(a) C
o+

Upeprleixna(a) = U[D] = U[DW], and the claim follows.

Step 5. Fix weights A(0) = (A1(0), ..., A\n(0)). Consider the linear program,

arg Iglea[))( Z Z Ai(0)ui(0) =

0e® ieN

arg arenué%] Z Z Ai(0)ag,;.

0cO ieN

Now observe that {(Ai(6))peeen | A € R'®™ = {a € R'®/*"}, which proves the theorem. [

We remark that fixing Pr € int(©), then

{(M0Pr(0)) yee ey | A € RIEF™Y = int({a € REX™}).

310bserve that even in this case, one may construct examples such that U[D"] = U erlexna(a), ie., where
++

U crlexna(a) is closed. That is not the case whenever bo(U[D]) is a smooth manifold.
++
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On the other hand,

{NPr(9)geoien | A € Ry, Pr € int(©)} # {a € R},

Observe also that if either the assumption of full support, Pr € int(®), or the assump-
tion that all the welfare weights must be strictly positive is dropped, then one can construct

examples where D" is a strict subset of D*.
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